We formulate the problem of finding equilibrium shapes of a thin inextensible elastic strip, developing further our previous work on the Möbius strip. By using the isometric nature of the deformation we reduce the variational problem to a second-order onedimensional problem posed on the centreline of the strip. We derive Euler-Lagrange equations for this problem in Euler-Poincaré form and formulate boundary-value problems for closed symmetric one-and two-sided strips. Numerical solutions for the Möbius strip show a singular point of stress localisation on the edge of the strip, a generic response of inextensible elastic sheets under torsional strain. By cutting and pasting operations on the Möbius strip solution, followed by parameter continuation, we construct equilibrium solutions for strips with different linking numbers and with multiple points of stress localisation. Solutions reveal how strips fold into planar or self-contacting shapes as the length-to-width ratio of the strip is decreased. Our results may be relevant for curvature effects on physical properties of extremely thin two-dimensional structures as for instance produced in nanostructured origami.
the long edges of the strip make a single closed curve and to admire the resulting shape. Certainly it happened a long time ago. However, the mathematical description of such an object was given only in 1858, independently by August Ferdinand Möbius and Johann Benedict Listing. The Möbius strip is not only interesting from an aesthetic or mathematical point of view but also as a generic example of a strip whose equilibrium shape demonstrates principal characteristic features of other elastic ribbons.
Since Möbius the eponymous strip has had a significant impact on human culture. Its intriguing beauty has inspired many artists including M.C. Escher [11] . In engineering, pulley belts are often used in the form of Möbius strips in order to wear 'both' sides equally. At a much smaller scale, Möbius strips have recently been formed in ribbon-shaped NbSe 3 crystals under certain growth conditions involving a large temperature gradient [55, 56] . The mechanism proposed by Tanda et al. to explain this behaviour is a combination of Se surface tension, which makes the crystal bend, and twisting as a result of bend-twist coupling due to the crystal nature of the ribbon. Gravesen & Willatzen [17] computed quantum eigenstates of a particle confined to the surface of a developable Möbius strip and compared their results with earlier calculations by Yakubo et al. [62] . They found curvature effects in the form of a splitting of the otherwise doubly degenerate ground state wave function (see also [27] ). Thus qualitative changes in the physical properties of Möbius strip structures (for instance nanostrips) may be anticipated and it is of physical interest to know the exact shape of a free-standing strip. It has also been theoretically predicted that a novel state appears in a superconducting Möbius strip placed in a magnetic field [23] . Möbius strip geometries have furthermore been proposed to create optical fibres with tunable polarisation [46] and the Möbius strip topology has been suggested for compact resonators that have a resonance frequency that is half that of a cylindrical loop of the same size [41] .
There exist infinitely many realisations of the Möbius strip and attempts have been made to define a unique, 'canonical', shape that is in some sense the simplest [42, 44, 47, 48, 61] . One way to approach this problem is to ask for the shape adopted by a free-standing Möbius strip made of a thin material (like paper); see Fig. 1 . 1 In the idealised case when we can neglect the material's stretching, the shape may be found as that minimising the elastic energy associated with bending. A strip that deforms without stretching has constant Gaussian curvature under deformation. If such a strip is intrinsically flat (i.e., has zero Gaussian curvature) then it deforms into a developable surface: it can be unrolled onto a plane [13, 49] . Sadowsky was probably the first who formulated the problem in this way [44, 45] : find the shape of a Möbius strip by minimisation of the integral of the squared mean curvature over a deformed rectangular domain under the constraint of developability. Sadowsky went further and also derived the equations that describe the equilibrium shape of a thin inextensible elastic strip in the limit of vanishing width [45] . For a strip of finite width, Wunderlich showed how to reduce the variational problem to a one-dimensional one: he carried out analytical integration over the width of the strip so that the variational problem reduces to minimisation of the remaining one-dimensional integral over the centreline of the strip [61] . He didn't derive the Euler-Lagrange equilibrium equations for this reduced variational problem. It was 1 Manufacturing an accurate model of an elastic Möbius strip is not entirely straightforward. If we glue the ends together with a small region of overlap then the resulting model will have non-uniform thickness, which affects the bending stiffness locally and hence the equilibrium shape in space. Welding the ends of a metal or plastic strip would have similar effects. To overcome these problems the model shown in Fig. 1 was created by printing the computed solution on a strip of double the length and then closing it after winding it twice, thus creating a strip of double the thickness. The two layers were then glued together without the need for an overlap and the thickness of the resulting strip is constant everywhere. The colouring was carefully phased in accordance with the actual shape.
Fig. 1
Photo of a paper Möbius strip of aspect ratio L/(2w) = 2π . Inextensibility of the material causes the surface to adopt a characteristic developable shape indicated by the straight generators. The colouring varies according to the bending energy density, from violet for regions of low bending to red for regions of high bending proven recently that the Sadowsky functional is the Γ -limit of the Wunderlich functional for centrelines with non-vanishing curvature [26] .
An alternative approach has been to model a narrow elastic Möbius strip as a thin inextensible elastic rod with non-circular cross-section taken in the limit where one of the bending stiffnesses tends to infinity [33] . Although the centreline shapes obtained using this approach are superficially in good agreement with those of a real narrow Möbius strip, such a model fails to reproduce the generic characteristic features of the surface of twisted inextensible strips.
Approximate equations for deformations of wide strips were derived in the mid-1950s by Mansfield [34, 35] . These equations predict the distribution of generators of the developable surface while ignoring the actual three-dimensional geometry. This work was followed up in [2] , where localisation of stresses at two diagonally opposite corners was found for a strip in its first buckling mode. The actual shape of the strip was not computed.
The Euler-Lagrange equations for the Sadowsky functional describing equilibria of a narrow developable strip were derived in [21] . Some explicit solutions of the same variational problem were presented in [8, 22] . Folded narrow annular strips were studied in [9] .
The geometrically exact equilibrium equations for an elastic developable strip were presented in [50] together with their numerical solution for Möbius strips of various aspect ratios. Here we give a more detailed discussion of the theory of developable strips including a more self-contained analysis of the variational problem and a complete formulation, and solution, of the boundary-value problem for the Möbius strip. We then extend the work to closed one-and two-sided strips of different topology.
Geometry of a Developable Strip
Consider an inextensible ribbon that, when developed onto a plane, makes a strip that is bounded by two parallel straight lines. By the developability property, the strip, however deformed, can be reconstructed from its centreline, i.e., the line that is equidistant from both 2 A developable strip is made up of straight generators in the rectifying plane of tangent, t , and binormal, b, to the centreline, r. The generators make an angle β with the tangent. N is the unit normal to the surface of the strip parallel lines in the intrinsic geometry of the strip. We denote this line by r(s) ∈ R 3 , where s ∈ [0, L] is arclength along the curve and L is its length. We assume that r(s) is a regular curve of differentiability class C 3 . Let t = r be the unit tangent vector (here and in what follows a prime denotes the derivative with respect to s). In points where the curvature κ = |t | = 0 we define the unit principal normal n = t /κ and the unit binormal b = t ×n. Like any regular curve in R 3 , r(s) is determined, up to Euclidean motion, by its curvature κ(s) and torsion τ (s) = −b (s)·n(s).
A non-planar developable surface is either (part of) a cylinder, a cone or a so-called rectifying developable [49] . An analytical flat Möbius strip can only be of the latter type [42] (analyticity rules out Sadowsky's [44] construction of a Möbius strip from planar and cylindrical pieces). Given a curve with non-vanishing curvature there is a unique rectifying developable on which this curve is a geodesic curve. The unit normal N to the surface at the curve is then aligned with the principal normal to the curve and the surface is the envelope of rectifying planes orthogonal to the principal normal to the curve. Then
is a parametrisation of a rectifying developable strip with centreline r and width 2w [39] . The straight lines s = const. are the generators of the surface. They make an angle β = arctan(1/η) with the positive tangent direction of the curve r(s) (see Fig. 2 ). The short edges s = 0 and s = L of the strip in particular are generators and for closure of the strip we require
for a two-sided surface and η(L) = −η(0) [isosceles trapezium] for a one-sided surface).
We compute the first fundamental form of the surface coordinate patch given by Eq. (1):
The area element is dσ = x s × x t dt ds = √ EG − F 2 dt ds = (1 + tη ) dt ds. The unit normal to the surface N(s, t) = xs ×xt xs ×xt = −n(s) is constant along any generator. We also need the second fundamental form defined by
where
We can now compute the shape operator (or Weingarten map) S, i.e., the linear operator on the tangent plane defined by S(T ) = −∂ T N , where T is a unit tangent vector to the surface [49] . S(T ) is the gradient of the unit normal to the surface in the tangent direction T . It therefore encodes information about the curvature of the surface. In fact, the eigenvalues of the shape operator at each point are the principal curvatures at this point and the eigenvectors are the principal directions. We have S(x s ) = −N s , S(x t ) = −N t , and hence in the basis (x s , x t ),
We then compute the Gaussian curvature as
confirming that it vanishes identically, while for the mean curvature we find
where κ 1 and κ 2 are the two principal curvatures of the surface.
As to the space-curve geometry of the centreline r we recall the following. After choosing a coordinate system we may identify the orientations of the Frenet-Serret frame {t, n, b} attached to r with elements of the group of orthogonal 3 × 3 matrices:
R(s) := t(s), n(s), b(s) ∈ SO(3).
This defines a skew-symmetric 3 × 3 matrix in the Lie algebra so(3) as follows:
where we have introduced the 'hat' isomorphism between skew-symmetric matrices w = 
For a curve on a surface we define its Darboux frame {t, N, t × N}. The rotation (Darboux) vector has components (τ g , κ g , κ N ), which have their own names, geodesic torsion, geodesic curvature and normal curvature, respectively. They relate to the curvature and torsion of the curve as τ g = τ + χ , κ g = κ sin χ , κ N = κ cos χ , where χ measures the angle from n to N [49] . Here we consider only the case of a geodesic centreline and we thus have n = −N , hence χ = π and
The Frenet-Serret frame is discontinuous at an inflection point where the normal n (and hence the binormal b) flips (n → −n). For a continuous description through an inflection point we can however use a generalised Frenet-Serret frame (whose normal and binormal are plus or minus the normal and binormal of the Frenet-Serret frame and such that the frame is continuous through an inflection point) and let κ be the signed curvature [39, 42] .
Edge of Regression
The asymptotic completion of a developable strip is defined as the surface obtained by extending all generators to infinity in both directions, i.e., taking t in all of R in Eq. (1). From Eq. (2) we see that the mean curvature H becomes singular if the parameter t in Eq. (1) equals −1/η . If η = 0 then there is no singularity on the extended generator in the asymptotic completion. We call points on the centreline where η = 0, 'cylindrical'. At such points the mean curvature H is independent of t , so the principal curvatures are constant along the local generator. Away from cylindrical points we can define the curve
, which is called the edge of regression. When η changes sign the edge of regression jumps within the asymptotic completion from one side of the centreline to the other. (For a graphical representation the reader may wish to look ahead to Fig. 10 for the case of a Möbius strip.) The strip cannot be wider than the critical value of t , i.e., we require that w|η | ≤ 1. The developable surface is then the envelope of the tangents to the edge of regression (i.e., of the generators of the surface) and is therefore also the tangent developable. This envelope meets the edge of regression in two sheets that form cusps in the normal plane to x e [37] .
The edge of regression may have its own singularities. By differentiation we find x e (s) =
If η = 0 the tangent to the edge of regression is discontinuous. This corresponds to a cusp point on the curve and a swallow tail singularity of the asymptotic completion of the strip. We call isolated points of the centreline where η = 0, 'conical'. Clearly, for a smooth centreline, there must be a conical point between any pair of cylindrical points.
The Energy Functional
The bending energy for an arbitrary Kirchhoff-Love shell of thickness 2d can be written as the following integral over the surface of the strip [12, 38, 63] :
is the flexural rigidity, ν is Poisson's ratio, Y is Young's modulus and S = S − S 0 ; here and later the subscript 0 refers to the undeformed reference configuration. By expressing both S and S 0 in principal axes of S 0 , we may write
where β = β − β 0 is the angle between the principal curvature axes in the deformed and undeformed states. Equation (4) then becomes [63] 
where H = H − H 0 and A = √ H 2 − K. In our case of a developable surface obtained by isometric deformation from its unstressed state we have zero Gaussian curvature K (the undeformed surface must be flat, although not necessarily planar). This means that one of the principal curvatures is zero (say κ 2 = 0) and we may write
The fact that the strip is fully determined by its centreline suggests reduction of this double integral to a single integral over the centreline. However, this reduction looks intractable for an arbitrary undeformed shape given by κ 1,0 . We develop the general theory a little further, and consider two special cases, in Appendix A, but here we proceed by assuming that the strip is planar when relaxed. Thus we set κ 1,0 = 0 and have, with
The t -integration can be carried out analytically [61] , and we arrive at
Note that for strips with no intrinsic curvature, equilibrium shapes do not depend on the material properties: Young's modulus is a simple factor and Poisson's ratio does not enter the energy expression. Also note that in the limit of narrow strips, wη → 0, we have V (wη ) → 1 and no derivative enters the integrand in Eq. (8) (cf. [44, 45] ). The integrand h reduces to κ 2 of the planar Euler elastica if η ≡ 0, the surface then being cylindrical with the generator everywhere perpendicular to the centreline r.
For solutions of closed strips or strips with fixed end points we impose a constant end-toend distance constraint by adding the following integral expression to the bending energy:
where we have used inextensibility of the centreline, i.e., t = r , and F is a (constant) Lagrange multiplier (with the physical meaning of an internal force). Finally, we have to impose the constraint that the centreline is geodesic (straight in the intrinsic geometry), i.e., ω 2 = κ g ≡ 0. We enforce this constraint by adding the integral T = L 0 M 2 ω 2 ds, where
In conclusion, equilibrium shapes of a thin, inextensible and intrinsically planar strip are given by stationary points of the functional
where L is the Lagrangian of the problem andŪ = U/(Dw) (all force and moments in the rest of the paper are thus normalised by Dw). This represents a 1D variational problem on a curve in R 3 cast in Euclidean invariant form. Although we are here interested in closed-strip solutions, the functional A can also be used to study open-strip solutions. If for such open strips the ends are free to move relative to each other then W represents the work done by any applied end force F . However, since we use the parametrisation of Eq. (1) in the t -integration to obtain the one-dimensional integral (8) , the short edges of the strip must be generators and therefore straight. This is quite natural for fixed ends (held by a straight clamp covering the entire edge of the strip) but constitutes a restriction on deformations considered for strips with free ends.
Variational Principle and Equilibrium Equations

Variational Principle
To derive the equilibrium equations for the functional A we follow the recent higher-order variational approach of [16] . This approach yields equations in a particularly elegant and transparent geometrical form if we view the Lagrangian L as a function of the rotation matrix R and its derivatives, i.e., as defined on the (higher-order) tangent bundle of the symmetry group of our problem, the Lie group SO (3) . The theory in [16] then gives a symmetry-reduced variational problem with Euler-Lagrange equations in Euler-Poincaré form. Similar treatments of higher-order variational problems on curves can be found in [24, 52] .
We can transform L into suitable form by expressing κ, η, η and ω 2 in terms of the Frenet-Serret frame viewed as a rotation matrix, R (see Sect. 2). The result is the second- (3) is the secondorder tangent bundle and F ∈ R 3 is regarded as a parameter. The functional A may then be written as
where t = Re 1 andL collects all terms not depending on F . 
, l is just L F expressed in different variables, and the constrained variations δω of ω and δω = (δω) of ω of the form δω = + ω × with another axial vector and ω × := [ ω, ], the Lie bracket of so(3), = R (δR) ∈ so(3) and δF = − F. The vanishing variation conditions for the non-reduced functional Eq. (11) 
Note that under this reduction the parameter F acquires field status.
F satisfies the equation
with initial condition F(0) = R (0)F . The Euler-Lagrange equations for the reduced functional take the Euler-Poincaré form
with M defined by
) is the Euler-Lagrange operator for the variable ζ . For further analysis we rewrite Eqs. (13), (14), (15) as the following system: (a) balance equations for the components of the internal force
and (b) the 'constitutive' equations
Here we have used that ∂l ∂F = −t = −e 1 , e 1 ≡ (1, 0, 0) . The equations have |F| 2 and F · M as first integrals.
Equations in the Original Variables κ, η
We note that Eq. (18) for j = 2 is trivial. For j = 1 and 3 we use a contact transformation
or, in more compact form,
(cf. [50] where the signs of moments and forces are taken opposite). We see that Eq. (21) contains only the first derivative of η (coming from the energy density h), while Eq. (22) also has a term with the second derivative of η. Note that for the infinitesimally narrow strip both Eqs. (21), (22) are algebraic. To use Eqs. (16), (17) we represent the Darboux vector as
To bring Eqs. (21), (22) into a convenient form for numerical solution, we first differentiate Eq. (22) we obtain the following third-order system, linear in terms of the highest derivatives, i.e., κ and η :
Note that the above equations become singular if the curvature vanishes or if a 1 = 0.
Hamiltonian
Legendre transformation of the second-order reduced Lagrangian l gives the symmetryreduced Hamiltonian
are the reduced Ostrogradsky momenta [16] . The Euler-Lagrange equations for the reduced Lagrangian l derived in Sect. 4 are equivalent to Hamilton's equations for the reduced Hamiltonian H with respect to a non-canonical Poisson bracket. It is easy to show that
η . So in terms of η and our other variables the Hamiltonian can be written as
For a uniform strip with h not explicitly depending on arclength s, H is a conserved quantity, as can be verified directly by differentiating the right-hand side of Eq. (26) with respect to s and using Eqs. (16), (17), (21) and (22) to show that H = 0.
After substitution of h from Eq. (9) we can rewrite Eq. (26) in the explicit form:
Symmetries
The equilibrium equations (Eqs. (16), (17), (23), (24)) are invariant under the reversing involutions R 1 and R 2 :
and the non-reversing involution S :
Further involutions exist but will not be required. Note that R 2 requires κ to be interpreted as the signed curvature.
Kinematics Equations
Reconstruction of the centreline of the strip requires solving for the tangent t and integrating this to get r. We choose a parametrisation of the Frenet-Serret frame {t, n, b} in terms of three Euler angles ψ , ϑ and ϕ [32] :
The Euler angles are related to the Darboux vector by the kinematics equations
Note that the angle ϑ should not approach 0 or π . To guarantee this we have to choose the third axis z of the laboratory reference frame such that the tangent t would never align with ±z.
To find the centreline r we solve Eq. (27) in conjunction with the equation r = t, or, writing r = (x, y, z) ,
z = cos ϑ.
Full System of Equations
For ease of reference we collect here together all the equations derived (i.e., Eqs. (16), (17), (23), (24), (27) , (28)):
This system is of 15th order with variables
In the following sections we formulate boundary-value problems for these equations that exploit the symmetries identified in Sect. 4.4.
The Möbius Strip
Properties of a One-Sided Strip
Randrup & Røgen [39] have shown that along the centreline of a one-sided rectifying developable strip an odd number of switching points must occur where κ = τ = 0 and the principal normal to the centreline flips (i.e., makes a 180
• turn). Moreover, when approaching a switching point, τ goes to zero at least as fast as κ, meaning that η is bounded. From Eq. (2) it follows that through the inflection point goes an umbilic line, i.e., a line on which both principal curvatures are equal, namely zero. (Incidentally, developable Möbius strips without switching points may exist if the surface does not contain a closed geodesic [7] .) To make the twisted nature of the Möbius strip precise we note that a closed centreline with a continuous and periodic twist rate (here τ (s)) defines a closed cord [15] , for which one can define a linking number Lk [15] . Any closed ribbon of a cord of half-integer Lk is onesided. The simplest example, with Lk = ± 1 2 , gives the classical Möbius strip with half a turn of twist (the opposite values of Lk corresponding to mirror images of each other). The linking number Lk so defined is identical to the Möbius twisting number of a closed curve in an embedded surface in R 3 introduced in [40] . In [40] it was shown that within the set of flat surfaces, flat strips with the same Möbius twisting number, and whose centrelines are of the same knot type, belong to the same isotopy class. It is known that for every isotopy class there exists a developable Möbius strip with a closed geodesic centreline (each such class for instance contains a strip that is obtained by isometric deformation from a planar rectangular domain) [29] .
Boundary-Value Problem
Plastic or paper models of a Möbius strip suggest that equilibrium shapes possess an axis of π -rotational symmetry. It seems unlikely that nonsymmetric solutions exist. We formulate a boundary-value problem for such a C 2 -symmetric Möbius strip by imposing boundary conditions at s = 0 and s = L/2. Involution R 1 is then used to obtain a solution on the full interval [−L/2, L/2] by π rotation about the axis through both end points. Thus we specify the following boundary conditions for the system of Eqs. (29) over half a strip (see Fig. 3 ): 
The conditions Eqs. (37)- (39) fix one end of the half strip at the origin and align the rotational symmetry axis with the y-axis. The conditions Eqs. (34)-(36) orient the FrenetSerret frames at both ends as follows:
is as yet unknown. It turns out that this choice of angles avoids the Eulerangle singularity at θ = 0 in all our subsequent computations. Taken together these position and angle conditions eliminate all rigid-body degrees of freedom of the strip. We see that the tangent plane to the strip is orthogonal to the axis of symmetry at s = 0 and contains this axis at s = L/2. Moreover, the principal normal n(0) points in the negative y-direction, as does the binormal b(L/2). The left end condition Eq. (33) specifies the end point s = 0 as a cylindrical point, while the right end condition Eq. (32) specifies the end point s = L/2 as a point with vanishing curvature (which together with the symmetry property means that it is an inflection point).
Having the inflection point at the end of the interval prevents us from having to integrate through the inflection point. Note that the κ thus obtained is non-negative over the entire arclength interval. To maintain force and moment balance when assembling the entire strip we require that the components along the π -rotation symmetry axis vanish at s = 0, hence Eqs. (30) and (31) .
The final boundary condition comes from Eq. (21). Since we differentiated this equation to derive our system of ODEs, we need to impose Eq. (21) as a boundary condition to fix the integration constant. Using that η (0) = 0 and taking the limit lim s→0 ∂ κ g = 2κ(0)(1 + η 2 (0)) 2 , we may impose this condition in the form
Since the force vector is constant in space, Eq.
One can similarly verify that the boundary conditions cause an R 1 symmetric solution also to be R 2 symmetric. We could therefore also have used the R 2 involution about the inflection point at s = L/2 to obtain the full Möbius strip from the computed half strip.
Note that the boundary conditions do not include the condition η(L/2) = 0. This condition is not required because it is enforced by symmetry: the boundary conditions at s = L/2 enforce a switching point at s = L/2 for the symmetric full strip (i.e., n(−L/2) = −n(L/2) and b(−L/2) = −b(L/2)) and according to the Randrup & Røgen properties of Sect. 5.1, at such points η = 0, in addition to κ = 0. For a nonsymmetric solution, η in fact need not be zero at switching points. The fact that we always find η tending to zero at s = L/2 (see below) is therefore evidence for the non-existence of nonsymmetric solutions. For the infinitely narrow strip, η in fact does approach a nonzero value, namely 1, at the switching point [45] , which shows that there is no symmetric solution in that case.
The boundary-value problem is solved numerically by the continuation code AUTO [10] . There are significant numerical difficulties solving this problem, as each end of the integration interval has a singularity. At the switching point enforced at s = L/2, |η | is always found to tend to 1/w, giving a logarithmic singularity in Eq. (9) (this singular behaviour is consistent with analytical asymptotic results in [25] ). In practice, to compute a starting solution, we first compute an approximate solution with κ(L/2) ≈ 0.1 to stay away from the singularity at s = L/2. When all other boundary conditions are satisfied we 'pull' the solution into the singularity by continuing κ(L/2) to zero as far as possible, typically reaching values of 0.001. At this point, we typically have η(L/2) of the same order of magnitude while 1/w − |η (L/2)|, the distance from the singularity, is typically as small as 10 −6 . At the other end (s = 0), numerical convergence requires Taylor expansions of the coefficients a i , b i in Eqs. (25) about η = 0 to be used for a small interval around s = 0 to eliminate the removable singularity of V in Eq. (9) (we use expansions up to fourth order). As a check on , are obtained by applying the reflection S). There is only one physical parameter in the problem, namely the aspect ratio L/(2w) of the strip. In the computations we have fixed L = 2π and varied w. Also shown in the figures is the evolution along the strip of the straight generator. We note the points where the generators start to accumulate. At these points |wη | → 1 and the integrand in Eq. (8) (the energy density) diverges. Where this happens the generator rapidly sweeps through a nearly flat (violet) triangular region, a phenomenon readily observed in a paper Möbius strip (Fig. 1) . We also observe two additional (milder) accumulations where no inflection occurs and the energy density remains finite. It can be shown that the energy density is monotonic along a generator. This implies that the (red) regions of high curvature cannot be connected by a generator, as a careful inspection confirms. Bounding the (violet) triangular (more precisely, trapezoidal) regions are two cylindrical generators of constant curvature (and hence constant colour in the figure) that realise local minima for the angle β. As w is increased the accumulations and associated triangular regions become more pronounced. At the critical value given by w = π/ √ 3 the strip collapses into a triple-covered equilateral triangle [3, 48] . The folding process as w is increased towards this flat triangular limit resembles the tightening of tubular knots as they approach the ideal shape of minimum length to diameter ratio [54] . In the flat limit the generators are divided into three groups, intersecting each other in three vertices. The bounding generators of constant curvature become the creases. It has been conjectured that a smooth developable Möbius strip can be isometrically embedded in R 3 only if w < π/ √ 3 [20] , while it has been proven that a smooth developable Möbius strip can be immersed in R 3 only if w < 2 [20] . Interestingly, smaller (in fact, arbitrarily small) values for the aspect ratio L/(2w) can be obtained if one allows for additional folding [3, 13] . Figures 7 and 8 give plots of curvature and torsion. The Randrup & Røgen property that κ = η = 0 at an odd number of points is confirmed in Fig. 7 and can also be seen in Fig. 6 at the centre of the images where the generator makes an angle of 90
• with the centreline. As the maximum value w c = π/ √ 3 = 1.8138 . . . is approached, both curvature and torsion become increasingly peaked about s = 0, 2π/3 and 4π/3. In the limit all bending and torsion is concentrated at the creases of the flat triangular shape. Going to the other extreme, we find that the solution in the limit of zero width has non-vanishing curvature, so that the Randrup & Røgen conditions are not satisfied. Given that the Frenet-Serret frame flips at s = π this means that the curvature is discontinuous. In addition, η tends to 1, giving a limiting generator angle β = 45
• . Both these properties were anticipated in [45] . This shows that the zero-width limit is singular and suggests that the Sadowsky problem has only a solution with discontinuous curvature.
Edge of Regression
The edge of regression for an equilibrium shape consists of three components (the red curves in Fig. 9) . Each component has a cusp, corresponding to a swallow tail singularity of the asymptotic completion of the strip. This is the minimum number of singularities that a rectifying developable Möbius strip can have [37] . Note that precisely one cusp lies on the edge of the strip at the umbilic generator (this is always observed, for all widths). The edge of regression goes to infinity when approaching a cylindrical point (having η = 0) and asymptotically tends to the direction of the generator at this point (see Fig. 10 ). Thus three cusps (corresponding to 'conical' points, having η = 0) alternate with three 'cylindrical' points.
Energy, Twist and Writhe of the Strip's Centreline
The normalised energyŪ = U/(Dw) of the strip is shown in Fig. 11 . The only meaningful energy estimate available in the literature, at the particular value of w = π/30, is that of Gravesen & Willatzen [17] , who minimiseŪ for the parametrised family of developable Möbius strips (not in equilibrium) constructed in [39] . Their solution givesŪ = 9.22; at the same width we find the much lower valueŪ = 5.93.
Also shown in Fig. 11 is the twist T w = and W r is the writhe of the centreline. W r is commonly used as a measure for the spatial deformation of a 3D curve. It can be defined as the crossing number of the curve averaged over all viewing directions [14] . . The Randrup & Rø-gen properties of Sect. 5.1 also hold for these generalised Möbius strips and our techniques, exploiting symmetry, can readily be applied to such problems.
We have seen that the Möbius strip has π rotational symmetry about n (described by R 1 ) at the cylindrical point at s = 0 (labelled S 0 in Fig. 10 ), where η = 0, and π rotational symmetry about b (described by R 2 ) at the inflection point at s = L/2 (labelled I in Fig. 10 ), where κ = 0. Continuity of forces and moments across these points is ensured because the corresponding normal and binormal components vanish:
(Note that the rotational symmetry is also confirmed in Figs. 5 and 6 by the generators at these two points having constant colour, corresponding to the curvature being constant along these generators.)
We can therefore use involution R 1 at cylindrical points and involution R 2 at inflection points to construct solutions to the equilibrium equations with an arbitrary number of such points. In fact, the Möbius half strip has a second, intermediate, cylindrical point (S 1 in Fig. 10 ) with constant-colour generator. This point is not a point of full symmetry as F 2 and M 2 are nonzero. However, it turns out that by a slight change of orientation of the FrenetSerret frame we can deform the strip such as to make these components zero. We then have a choice of taking either the (long) segment S 0 I or the (short) segment S 1 I as elementary piece in constructing more complicated equilibrium shapes. Note from Fig. 10 that one difference between these two pieces is that S 1 I has positive η (and hence positive torsion τ ), while on S 0 I η (and hence τ ) changes sign. The shapes constructed by combining these pieces will in general not be closed. However, by imposing symmetric closure conditions we can obtain D n -symmetric solutions for n = 2, 3, 4, 5, . . . .
We thus reformulate the boundary-value problem as follows. We drop the two frame orientation conditions at s = 0 in the previous set of boundary conditions in Sect. 5.2 and specify, on the interval [0, L/(2n)] (see Fig. 12 ), 
These boundary conditions 'cut out' a piece between cylindrical and inflection points (either S 0 I or S 1 I ) of the Möbius strip solution. We then add two symmetric closure conditions for a solution consisting of a sequence of 2n congruent pieces satisfying the above boundary conditions. The first condition enforces coplanarity of n(0), b(L/(2n)) and r(L/(2n)) − r(0):
In explicit form, after using the boundary conditions (40)- (49), this reads
The second condition enforces an angle m n π , m n ∈ Q \ Z, m < n, between n(0) and b(L/(2n)):
This condition guarantees that concatenation of 2n copies of the elementary piece produces a closed strip (with n inflection points). In our variables the condition reads The D n -symmetry axis is directed along the vector (z(0), 0, −x(0)) and intersects the y-axis at
Note that the C 2 -symmetric Möbius strip solution of Sect. 5, having (m, n) = (0, 1), is degenerate for these boundary conditions as the first symmetry condition, Eq. (51), is identically satisfied since x(0) = z(0) = 0.
Two-Sided Strip with (m, n)
For (m, n) = (1, 2) we have a two-sided solution with Lk = 1 in the shape of a figureof-eight. A simple instance of this solution is a cylindrical shape with planar centreline and with all generators orthogonal to this centreline (η ≡ 0). This is the figure-of-eight elastica solution with self-intersection [32] . A non-selfintersecting solution may be obtained by considering a slightly displaced solution with non-planar centreline and allowing for selfcontact (see Fig. 13 ). For a D 2 -symmetric solution we assume, prompted by paper models, that this self-contact occurs at the inflection point. If we then also assume that the contact at the edge of the strip is frictionless then the contact force will only have a component in the binormal direction, i.e., along the umbilical generator through the inflection point. We can compute such solutions by dropping the second boundary condition in Eq. (40) and imposing the geometrical contact condition y c = w, which now becomes y(0) = w, instead. The end force F 3 (L/4) is then allowed to become nonzero. For a physically realisable solution we require F 3 (L/4) < 0 so that it is balanced by an equal and opposite contact force in the (positive) binormal direction coming from the other half of the strip (see Fig. 13 ).
Three examples of strips with self-contacts, constructed from (short) S 1 I pieces of the Möbius strip, are shown in Fig. 14 . The solutions have three cylindrical points between the two inflection points, which means that in deforming the S 1 I piece to satisfy the symmetric closure conditions an extra intermediate cylindrical point has appeared. The solutions in Fig. 14(a, b) have, however, retained the property of S 1 I that they have positive torsion, while those in (c) and (d) have slightly negative torsion (in the top and bottom violet regions in the figure) .
Dependence of the contact force 2F 3 (L/4) on the aspect ratio of the strip is plotted in Fig. 15 . The contact force vanishes only in the zero-width limit w = 0. This seems to suggest that no finite-width solutions exist that are free of self-contact. However, there may be different types of (m, n) = (1, 2) solutions with no self-contact and indeed Fig. 16 below gives an example of exactly such a solution. Figure 14 shows that as the width w increases the figure-of-eight increasingly flattens. The aspect ratio of the strip is bounded from below. To see this note from Fig. 13 (left) that the points V 1 and V 2 of the umbilic generators lying on the outer edges opposite to the contact points are separated by twice the width of the strip: |V 1 V 2 | = 4w. This means that in the planar development of the strip the straight line connecting V 1 and V 2 cannot be shorter than 4w (Fig. 13, right) , so we conclude that the length of the centreline cannot be less than 4w √ 3 and the aspect ratio L/(2w) cannot go below 2 √ 3 (consistent with the asymptotic behaviour displayed in Fig. 15 ). However, numerical results show that, for our equilibrium solutions, the strip starts to self-intersect near the contact point before this flat state is reached. This indicates that shapes with a single contact do not exist beyond a critical value of w. Shapes with multiple contact points are beyond the scope of the present work, but it appears that the contact point bifurcates giving rise to other, nonsymmetric, solutions. The onset of this selfintersection coincides with the tangents to the edges at the contact point becoming aligned with each other (at the diamond in Fig. 15 ). This tangent alignment happens when t(L/2) becomes parallel to the rotational symmetry axis, which can be represented as the vector n(0) × b(L/2). Hence the condition is t(L/2) × (n(0) × b(L/2)) = 0, which simplifies to n(0) · t(L/2) = 0 and further to x(0) = 0. In our continuation run this condition is met at aspect ratio L/(2w) = 4.218. Figures 14(c, d) show the solution at this value.
We finally show, in Fig. 16 , an example of a (m, n) = (1, 2) strip with Lk = 1 constructed from two (long) S 0 I pieces of the Möbius strip. The solution is not self-contacting and has the additional cylindrical points between inflection points from the S 0 I piece. The number of cylindrical and conical points is therefore the same as that of the solutions in Fig. 14 . At the four conical points η and κ are small and in this sense the conical points are close to being inflection points; they share with the two inflection points the features of radiating sharp ridges that bound flat triangular regions (similar to the Möbius strip solutions in Figs. 5 and 6) . In projection the solution has almost perfect D 6 symmetry. Despite the vastly different appearances, the main difference between the solutions in Fig. 14(a, b) and Fig. 16 is that the former have all positive torsion while the latter has a torsion that changes sign (at non-inflection points where the generator is perpendicular to the centreline). (also known from Escher's work [11] ). Three examples at different aspect ratios are shown in Fig. 17, with the last (c) showing the shape at initial (triple) selfcontact at the central axis, when y c = w. The development of one third of this shape is shown in Fig. 18 . The points C 1 and C 2 coincide in space at the point of triple contact. All three solutions have positive torsion and, unlike for the figure-of-eight solutions in Fig. 14 , no intermediate cylindrical points have appeared in the deformation of the S 1 I piece. D 3 -symmetric solutions for wider strips, without self-intersection, can be obtained by imposing an impenetrability constraint and introducing a contact force. Thus we assume that the single triple contact point is maintained by three contact forces of equal magnitude acting along the respective umbilic binormals (the lines C i V i , i = 1, 2, 3, in Fig. 18 ). The contact forces are then coplanar and therefore self-balancing (note that these forces applied at the edge of the strip produce no moments when transferred to the centreline of the strip).
The boundary-value problem is then modified as in the previous section for the figureof-eight solution by dropping the second condition in Eq. (40) and adding the geometrical Fig. 19 .
There is again a lower bound to the aspect ratio of the strip. The three coplanar binormals C i V i make an equilateral triangle V 1 V 2 V 3 with sides 2w √ 3 (see Fig. 18 ) and the distance V 1 V 2 measured on the strip's surface cannot be shorter than 2w √ 3, this minimum value occurring only if the entire straight line connecting V 1 and V 2 lies in the surface. This mini- Figure 20 shows how η approaches this conical limit. Looking at Fig. 19 one can indeed imagine a limiting shape consisting of three conical surfaces with their apices at V 1 , V 2 and V 3 . The conical patches join each other along the three generators V 1 V 2 , V 2 V 3 and V 3 V 1 . We study the conical limit of our equations further in Appendix B.
The combined tri-conical surface can be made arbitrarily smooth (by appropriate local change of the curvature). The resulting surface then provides an interesting example of a developable surface that is arbitrarily smooth yet does not have a smooth (just a continuous) field of generators (since η(s) lacks differentiability at points where the centreline crosses either of the three generators [43, 57] .
Returning to equilibrium solutions, our computational results suggest that just before the limiting aspect ratio, at L/(2w) = 4.249, all three tangents to the edges in the central triple contact point C i become aligned along the D 3 -symmetry axis. This solution is shown in Fig. 19 . The strip has no other contacts and does not self-intersect. However, as in the case of the figure-of-eight solution, this alignment of tangents appears to be the onset of self-intersection. To find the limiting shape of a physical strip we would therefore have to account for contact more complicated than single-point contact, a problem we leave for future work.
Experimentation with paper models also suggests that at or shortly after the first contact a pitchfork bifurcation occurs where the D 3 -symmetric solution becomes unstable and two stable solutions appear, buckled in opposite directions. For such nonsymmetric solutions the three contacting umbilic generators would no longer be coplanar. They may or may not continue to be perpendicular to the edge of the strip (η = 0). If they are then there would only be a normal component in addition to the binormal component of the contact force at the edge of the strip, and hence at the centreline. This edge component would induce a twisting moment M 1 at the centreline that would also have to be taken into account. If the umbilic generators are no longer perpendicular to the edge then all force and moment components of the contact force would have to be accounted for. In the wide limit we can imagine a folded shape in the form of a tetrahedron with three faces being double-covered right triangles with sides 2w, 2w and 2w √ 2, while the fourth face is absent. It is easy to see that such a 'quarter-cube' configuration, with residual C 3 -symmetry, has aspect ratio L/(2w) = 3.
In Fig. 21 we finally show an example of a (m, n) = (2, 3) strip with Lk = 3/2 constructed from three (long) S 0 I pieces of the Möbius strip. The solution is not self-contacting. It follows the pattern of the Lk = 1 solution in Fig. 16 and in projection has approximate D 9 -symmetry.
Higher-Order One-and Two-Sided Developable Strips
The series of closed-strip solutions may be continued by increasing the number of congruent pieces. Figure 22 shows strips made of 6, 8, 10 and 12 pieces of type S 1 I for, respectively, m = 2, 3, 4, 5 and n = m + 1. By construction each strip possesses the corresponding D nsymmetry. The edges of the strips form torus knots or links of type (n, 2). The centrelines are unknotted. Each of these solutions has n isolated cylindrical points, the same as the number of inflection points. Solutions are alternatingly one-or two-sided. As the width is increased the strips become flatter (as illustrated by the bottom figures in side projection), tending to flat folded shapes with the inflection points at vertices of regular n-gons. One easily verifies that these limiting flat shapes have aspect ratio L/(2w) = n cot π n , n = 3, 4, 5, . . .. The strip for n = 3, that we also discussed in the previous section, has self-contact before its width reaches this critical value, while for n = 4 self-contact coincides with the final shape, which is a double-covered square of side 2 √ 2w (equal to the distance V i V i+1 between singularities on the edge of the strip) and centreline length L = 8w. Solutions for n > 4 do not have selfcontacts. We cannot rule out that D n -symmetric shapes with multiple central contact exist at higher aspect ratio, but we have not found such elastic strips in equilibrium. Figure 23 shows a series of D n -symmetric solutions with 2n (n = 3, 4, 5, 6) congruent pieces of type S 0 I with an extra cylindrical point in the interior. These shapes therefore have 3n cylindrical points 2n of which generically do not lie on a C 2 -symmetry axis (the number of inflection points remains n). In general, computed solutions may easily have self-intersections (or undergo self-crossings during parameter continuation, which affect the linking number), particularly at smaller aspect ratios, but all presented solutions are nonselfintersecting.
The final two shapes in Fig. 24, for (m, n) = (2, 5) and (3, 5) , complement the set of D 5 -symmetric solutions made of 10 pieces (the (m, n) = (4, 5) and (1, 5) solutions are shown in Figs. 22 and 23, respectively) . Each has 5 inflection points and the left strip has 15 cylindrical points while the right one has only 5.
Discussion
We have formulated and numerically solved boundary-value problems for the isometric deformation of flat elastic sheets. Both one-and two-sided topologies have been considered. A common feature in all computed solutions is the existence of singularities of infinite bending energy density on the edge of the strip. Symmetry was used to construct solutions with multiple edge singularities from elementary pieces of the Möbius strip with a single singularity. This technique can be applied to find equilibrium shapes with any number of inflection points. Nonsymmetric solutions could be obtained by solving multiple boundary-value problems with different end conditions but with matching conditions at interior points. Our approach, of course, applies to open strips as well as to closed strips. In [28] we used a technique similar to the Möbius surgery discussed here to construct triangular buckling patterns of twisted strip in good agreement with experimental observations.
We used the developability property to reduce the energy integral to a single integral over the centreline thus obtaining a one-dimensional variational problem. The great advantage of this reduction is that the Euler-Lagrange equations for this problem are ODEs rather than the usual PDEs of plate theory. The relatively small price we pay is that the reduced variational problem is second-order but efficient equilibrium equations, Eqs. (16), (17), (21), (22) , were derived in Euler-Poincaré form. A similar approach was taken in [53] to derive equilibrium equations for braided rods.
This reduction generalises to more general strips with prescribed boundaries in the intrinsic geometry, although it may be necessary to choose a non-straight centreline (reference curve) to reduce to (κ g = 0). In this case determining the bounds of the t -integration in Eq. (7) may require the solution of algebraic equations, which may render the reduction impractical. For simple geometries, however, for instance for an annular strip, reduction, at least in the narrow limit, is straigthforward [9] .
Another generalisation is to strips that are developable but not necessarily planar in their relaxed state. Since we use the parametrisation of a developable surface in Eq. (1), the short edges of the strip must be generators in the deformed state. Subject to this constraint on the deformation, generalisations are possible (see Appendix A for more on this). For instance, for a strip whose relaxed surface belongs to a cylinder (i.e., η = const.), the reduction to the centreline can still be carried out (see [51] for an example). Extension to strips with anisotropic elasticity is straightforward.
The Möbius strip is usually treated as a topological or a geometrical object, not a mechanical one. One of the few previous attempts to compute equilibrium shapes of a Möbius strip was by Mahadevan & Keller [33] who employed a thin anisotropic elastic rod model. They obtained asymptotic equations for large values of the aspect ratio of the rod's crosssection. This limit corresponds to perfect alignment of the rod material frame and the FrenetSerret frame, and the equilibrium equations are therefore the Euler-Lagrange equations for
2 ) in Eq. (12), where B and C are the bending and torsional stiffnesses, respectively. This corresponds to a strip formed by the binormal as it moves along the rod's centreline. The solution to those equations, however, although closed as a rod, does not describe a closed strip, even after the modifications made by the authors.
In particular, it does not satisfy the Randrup & Røgen conditions of Sect. 5.1, and therefore cannot serve as the centreline of a developable Möbius strip, not even a narrow one. It does not capture the essential geometrical properties of such a strip, for instance the fact that the torsion τ is zero in the inflection point (required for the generators to line up).
The geometrical features and accompanying stress localisation of Möbius and other developable strips observed here are seen more widely in problems of elastic sheets such as paper folding or crumpling and fabric draping, and were already noted in [34] . Crumpling of paper is dominated by bending along ridges bounding almost flat regions or facets [31, 58] , behaviour that we see back in the nearly flat triangular regions in Fig. 5 . In fabric draping, triangular regions are seen to form that radiate out from (approximate) vertices [60] . The formation of these flat triangular regions appears to be a generic feature of nature's response to twisting inextensible sheets. Analytical work on such sheets often assumes regions of localisation of bending energy in the form of vertices of conical surfaces [5, 6, 18] . It is known that conical surfaces have infinite elastic energy within the linear elastic theory. A cut-off near the cone apex was therefore introduced in [6] to obtain the equilibrium equations. More recently, local constraints on the surface metric have been incorporated into a variational framework to describe equilibria of generalised conical surfaces made of unstretchable flat sheets [18, 19] . As the examples in our present work show, by using non-conical developable elastic surfaces one can describe bending localisation phenomena without the need for a cutoff.
Importantly, our approach predicts the emergence of regions of high bending. Although we prescribe the number of inflection (switching) points of the solution we never impose any a priori constraints on the shape of the strip, neither in the vicinity of the inflection points nor elsewhere. Points of divergence of the bending energy may serve as indicators of positions where out-of-plane tearing (fracture failure mode III) is likely to be initiated. In this respect it is interesting to observe that when one tries to tear a piece of paper one intuitively applies a torsion, thereby creating intersecting creases as in the vertices of the central triangular domains in Fig. 5 . A crack originates at the vertex, where the energy density diverges.
Curvature singularities are of interest to studies of twisted graphene-based nanoribbons. All-atom first-principle simulations of zigzag-edged graphene nanoribbons in the form of a Möbius strip show a shape evolution under varying aspect ratio that is in good agreement with our results in Fig. 5 [59] . Other simulation results reveal that the local curvature of nanoribbons increases at defect sites [4] . A seemingly related 'twist localisation' was observed in ab initio calculations of twisted cyclacenes [36] .
Recent technological developments, such as nanostructured origami [1] and strain engineering of nanomembranes [30] , have demonstrated the possibility of producing extremely thin membrane structures that can be folded in a controlled fashion. These structures have great potential as components of electromechanical devices such as force probes, capacitors, resonators, etc. with potentially unusual physical properties. For instance, silicon nanomembranes (SiNMs), consisting of the same material as bulk Sibased semiconductors, have been shown to become electrical conductors when the membrane is sufficiently thin. There is, therefore, significant interest in the relationship between geometry (and topology) and transport and optical properties such as electrical conductance and photoluminescence. In [27] it was shown that in thin conducting sheets electrons increasingly localise to the high-curvature regions as the sheet folds, with creases forming channels for electron transport. Our methods presented in this paper may be used to find how thin free-standing sheets fold and where creases form.
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Appendix A: Energy Functional U for a Non-planar Relaxed Strip
Here we briefly consider the general case of a strip that is developable in its unstressed state but not planar. We rearrange Eq. (6) as
The relaxed surface of the strip is determined by the centreline r 0 , which itself is fully specified (up to Euclidean motion) by its curvature κ 0 (s) and torsion
Following the calculation in Sect. 2 we then have for the intrinsic principal curvature κ 1,0 = −
. Since κ 0 (s) and torsion τ 0 (s) are given functions, the last term in Eq. (54) integrates to a constant over the fixed domain, which can be dropped. For the remaining two terms we write U = U 1 + U 2 . The first term, the integral of κ 
The second term becomes
To interpret this result, note that the strip is parametrised by two families of generators, one for the relaxed strip and one for the deformed strip. Through any point on the centreline of the deformed strip goes exactly one generator of each family. s 0 (s, t) is the arclength coordinate of a point on the centreline such that the relaxed generator passing through this point, at angle β 0 , crosses the deformed generator passing through centreline point s, at angle β, at distance t from the centreline (see Fig. 25 ). Because of the property that generators within each family do not intersect inside the surface of the strip, s 0 (s, t) is a monotonic function of both s and t . s 0 (s, t) may lie outside the interval [0, L], so we will assume that the relaxed state is given for a larger interval if required. Noting that sin
we can write Eq. (55) as 
To make further progress we can replace the integration along the generator in I 1 by integration along the centreline, provided that η(s 0 (s, t)) = η(s) for all s. Then (1 + tη 0 ) ds 0 = (η − η 0 ) dt and 
A.1 Two Special Cases
We consider two special cases where a reduction to a single integral over the centreline of the strip can be obtained explicitly.
-Cylindrical strip
If the relaxed shape of the strip is cylindrical, i.e., η 0 = const, then I 1 can be simplified to
For a strip lying on a circular cylinder of constant radius R 0 and having a helical centreline with pitch angle π/2 − β 0 = const., we have κ 0 = sin
Now let κ 0 be a prescribed periodic function, for instance κ 0 (s) = A sin(υs), where the amplitude A and frequency υ are constant. Taking for simplicity η 0 ≡ 0, then
We note that the integrand now explicitly depends on arclength s.
Appendix B: The Conical Limit
Here we explore the particular (singular) case in which the developable strip adopts a conical shape. The statics of conical surfaces has attracted extensive attention recently [5, 6, 18] , especially in models for paper crumpling. Approximately conical pieces appear in our computed solutions for relatively wide strips. Our particular aim here is to describe the limiting tri-conical shape of the D 3 -symmetric one-sided strip with Lk = 3/2 as the strip's aspect ratio is increased (see Fig. 19 ).
The limiting strip solution that we are interested in is assembled from six congruent conical pieces. It is sufficient to focus on finding the shape of one such piece for s ∈ [0, w √ 2]. The edge of regression for this conical piece degenerates into a point, the apex of the cone. The condition for all generators to go through this point, η = √ 2−s/w, gives an explicit formula for η (see Fig. 26 ). This η makes the logarithm in the bending energy density, Eq. (9), divergent. We regularise this energy by cutting off a small triangular domain near the apex of the cone. Thus we compute the bending energy by performing integration in Eq. (7) for t ∈ [−w, (1 − )w], 0 < 1 (we can justify this by appealing to the fact that the local curvature becomes too high near the apex for the assumption of an elastic material to remain valid [6] ). Then V is a multiplicative constant, V = − 1 2 log 2 , in Eq. (9) and therefore does not enter the equilibrium equations. To account for the conical η(s) given above we replace the density h(κ, η, η ) in Eq. (8) with
where λ is a Lagrange multiplier. Note that this is exactly Sadowsky's density but with prescribed η. The equations for this density follow from the procedure described in Sects. 4.1 and 4.2. The constitutive Eq. (21) allows us to express
which we substitute into the balance equations to obtain a closed system of six nonautonomous equations, Eqs. (16), (17) , for the six components ( 
Arclength s is measured along the straight centreline from 0 to the right; s c is measured along the circular arc of radius w (red). The cut-off is indicated by the yellow line
We can then formulate a boundary-value problem as in Sect. 6.1 on the interval [0, w √ 2] to find the forces, moments and the curvature of the centreline and reconstruct the surface of the strip. There is however one difference and that is that for the η as prescribed we cannot satisfy the boundary condition η (0) = 0. This means that the resulting assembled strip has only a continuous (and generally not a differentiable) generator at s = 0. All other boundary conditions carry over to the present limiting situation. In particular, the condition κ(w √ 2) = 0 follows from Eq. (56), the fact that η(w √ 2) = 0 and the other condition M 3 (w √ 2) = 0. The remaining constitutive Eq. (22) may be used to obtain the Lagrange multiplier λ(s). However, instead of pursuing this formulation it is instructive for this conical problem to use a different formulation as we discuss next.
The bending energy of the cone has a particularly simple form if we change to a different reference curve, namely the circular arc of radius w centred at the apex of the cone (see Fig. 26 ). Let s c be the arclength coordinate along this arc. It is easy to see that the generators induce a one-to-one mapping between the strip's centreline and the circular arc ) and ds = (1 + η 2 ) ds c . Let κ N be the normal curvature of the new reference curve. It equals the nonzero principal curvature at the same point, which we can compute from Eq. (2) by noting that t is now given by the value t c at the intersection of the local generator with the circular arc (see Fig. 26 ). We have t c = w(1 − sin β) = w(1 − 1/ 1 + η 2 ) and hence κ N = −κ(1 + η 2 ) 3/2 . We can then express the bending energy as This simple form suggests that the equation governing the normal curvature is that of the Euler elastica, as observed previously in [6] . To demonstrate this we introduce the Darboux frame {T , N, U } at the reference arc with the unit tangent T , normal to the surface N and ∈ so(3), so that ω c1 = τ g , ω c2 = κ g , ω c3 = κ N (we omit the subindex 'c' in τ g , κ g and κ N ). Since our circular arc lies on the conical surface with tangent orthogonal to the generator everywhere, we have τ g ≡ 0 and κ g ≡ 1/w. Then we define the reduced Lagrangian as 
For completeness we give the relationship between the system of forces and moments at the centreline and the equivalent transferred system of forces and moments at the circular arc:
We can also write the Hamiltonian corresponding to the Lagrangian L c :
which is a conserved quantity. (By using Eqs. (58) 3 . That this is a conserved quantity, despite the fact that η is a given function of s, can also be verified by differentiation and using the balance equations for the centreline forces and moments.)
From the first and last moment balance equations we find M c2 = 
where H c is the value of the Hamiltonian H c , as yet undetermined. This is the curvature equation for the planar Euler elastica, which has well-known solutions in terms of Jacobi elliptic functions.
To To compute limiting tri-conical shapes of our one-sided strip we solve the elastica equation (60) together with Eq. (61) on the interval [0, s ce ] subject to appropriate boundary conditions. We choose an orientation such that the tangent T (0) is aligned with the z-axis and the vectors U (0) and U (s ce ) span the xy-plane, making an angle of π/6 (cf. Eq. (52)). The xy-plane will then be a symmetry plane for the full strip. We also require the normal curvature to vanish at s ce . All this translates into the boundary conditions i.e., six boundary conditions for a fifth-order system of equations and one free parameter H c . Since the parameter w can be trivially scaled out the solution to this boundaryvalue problem yields a universal tri-conical shape for our strip. Numerical solution gives H c w 2 = −1.830652 and the graphs for the normal curvature κ N on the circular arc and the curvature κ of the centreline shown in Fig. 27 . Figure 28 illustrates the assembly of the entire shape from a single piece in the same manner as described in Sect. 6.3. The resulting shape is barely distinguishable from the shape in Fig. 19 (Fig. 20 compares η for the two  solutions) . Note that while the normal to the surface is continuous everywhere, the curvature is discontinuous at the generators connecting the apices. The shape of the conical strip has been found without simultaneously solving for the forces and moments whose equations are semi-decoupled from the elastica equation (60) . Once κ N has been found the force and moment equations form a system of six linear equations for the components F c1 , F c2 , F c3 , M c1 , M c2 and M c3 . We can solve these equations subject to our standard force and moment conditions, Eqs. (40) and (41), translated into conditions for the above components by using the relationships (58) . These four conditions, together with the single constitutive equation (57) and the Hamiltonian (59), both of which are fixed by the geometry, yield a unique solution.
